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THE DEFICIENCY OF ENTIRE FUNCTIONS WITH FEJER GAPS
par Takafumi MURAI
Introduction.
We say that a sequence n^ < n^ < . . . of positive integers 00 is a Fejer gap series if ^, l/^<oo. We say that an entire k=l function /(z) = ^ c^z" has Fejer gaps if S(/) = {n > 1 \c^ ^ 0} n=0 is a Fejer gap series. There is a classical result by Fejer [4] and Biemacki [ 1 J: An entire function with Fejer gaps takes any complex value infinitely often. It is one of the themes of gap series to extend or improve this result. We are concerned with extending this result from the point of view of the Nevanlinna theory. The purpose of this paper is to show:
THEOREM. -An entire function with Fejer gaps has no finite deficient value.
Our theorem improves the above result and Kovari's result [9] : An entire function /(z) has no finite Borel exceptional value if S(/) = (^)^=i satisfies lim n^r^(k)/log log k = oo for some positive increasing function i?(r) in an interval (0,oo) with / r](r)dr < oo. o We say that an entire function f(z) has Fabry gaps if S(/) = (^)^=i satisfies lim A://^==0. The Fabry gap condition is weaker than the Fejer gap condition. Hence it is natural to ask whether the assertion of our theorem is valid when the Fejer gap condition is replaced by the Fabry gap condition. We shall 40 T. MURAI answer this question in the negative. Clunie [3] constructed a se-00 quence S = (n^)^^ with ^ l/n^ = oo such that any entire k=l function /(z) with S(/) C S has no finite Borel exceptional value. Hence it seems difficult to investigate the value-distribution of entire 00 functions with lim k/n^ = 0 and ^ 1 /n^ = oo.
fc-' 00 fc=i For the deficiency of entire functions of finite lower order with gaps, various results are known. It is interesting to compare our theorem with the following result [6, 11] : An entire function f(z) satisfies A(/) < Cp(/) D(/), where A(/) denotes the sum of deficiencies for complex values, C an absolute constant, p(f) the lower order and D(/) the infimum over all D > 0 such that (^"^escn ls incomplete in the space of square integrable functions in an interval (-D, D). Let us note that an entire function f(z) with Fejer gaps satisfies D(/) = 0. Hence this inequality gives the assertion of our theorem under the additional condition p (•) < °°. This remark was first given by Fuchs [6] . Our theorem gives a new information about A(Q in the case ?(•) = °° and D(.) = 0.
Notation and lemmas.
2.1. Throughout the paper, we use C, C\ C", CQ for absolute constants. The value of C, C' or C" differs in general from one occasion to another. We denote by Dy, Sy (r > 0) the open disk with center 0 and radius r, and its boundary, respectively. Let C denote the complex plane.
For an entire function g(z) = ^ ^n^> the maximum We say that a set E in (0,o°) is of finite logarithmic measure if / 1/(1 + r) dr < °°. For two real-valued functions A(r), B(r) "E in (0,°°), we say that A(r) < B(r) holds log-finely (l.f.) if this inequality holds outside a set of finite logarithmic measure. (r > 0, 0 < h < 1) /or ^om^ 00. Then, for any q > 1 ,
This lemma is analogous to Lemma 3 in [10] and hence we omit the proof. 
Since F(r) is continuous and increasing in (ro , oo) (r(ro) = 1) and lim r(A-)=oo, Uy. is well-defined. We define a(r) by r->oo F(a(r))=r and put p(r) = ^/a(^). We have
Hence p(r) satisfies the conditions in Lemma 4. Since Given a non-constant polynomial g(z), we write
Lemma 4 gives (6).

LEMMA 6 ([16] p. 134). -For an integrable function P(t) in
For a while, we assume that y^ -^ 1 (1 < A: < d). Put
. t=i Then w(l, g'/(gd)) = w(P). Let us express P(f) as follows:
where 2, denotes the summation over all k with j/^ < 1/2 or j\>2, £, the summation over aU k with 1/2<^<1 and
To estimate m(P^), let us write:
(t)) = ^(t) + P^(t) + iP^(t), where
Then wCP^) < w(P2^ + w(P^) + w(P^) + log 3 . Note that
for all k occuring in 2 2 » we 1^m
(P2i)<log{(l/27r) / 7^| P^O)|d^+ 1} < log(7r + 1).
Since
y^{l-cos(t-e^)}lf^t)
<3^{1 -cosO -^)}/{2^(1 -cos(r -6^))} = 1/2 for all k occuring in 2^, we have w(P^) = 0. Note that, for any 0E[0,27r), V(z) = V(r^) = 2rsin(r -0)/Q(z^-10 ) is a conjugate harmonic function in D^ of U(z) = U(r^) = (1 -^/QCz^). We have
Hence, putting 
Consequently, we obtain m(P2)<C". We have similarly m^P^^C^, in estimating ?33 (t) analogously to P^ (t), we use
so that the estimate for ?33(r) follows from that for P^(t). Thus m (1, g'l(gd)) < C for some constant 00.
To remove the assumption that J^=^=l (l<fe<rf), we choose a sequence (SpJ^^ of positive numbers tending to 1 so that 5^ ^ 1 (1 < k < d, / > 1) and put
ith n non-zero coefficients,
Let C' be the constant in Lemma 7. We put C = C 1 + log 2 and inductively prove (8) . In the case n = 1 , (8) evidently holds. Suppose that (8) holds in the case n -1 . Let P(t) be a trigonometric polynomial with n non-zero coefficients. Considering e^P^t) with a suitable w>0 if necessary, we may assume that P(fc) = 0 (k<0) and P(0)^0. Choose 7 so that |P(y)| = max |P(fc)|.
Considering e^P^-t) (d = dp) if k necessary, we may assume that 2; > d. Then we have
Since If 2<r<2 9 , then o(r) < 2 9 < 2 10 n(2) < 2 10 n(r). Hence S satisfies the second inequality in (9) with C = 2 10 .
3. Proposition.
3.1.
For the proof of our theorem, we show the following proposition, which is interesting in itself.
PROPOSITION. -For an entire function f(z) with Fejer gaps and e > 0 , m(r, /) > (1 -e) log M(r, /) (l.f.). (11)
In this section, we shall prove our proposition. Given an entire function /(z) with Fejer gaps, we express /(z), with the aid of Lemma 9, as follows: where S = (n^)^^ is a Fejer gap series satisfying (9) . Without loss of generality, we may assume that OQ = 1. We write simply 
MW^0^ u, (r-^oo) (l.f.). (14)
Since u, < o;(^) 2 < C^l(u,) 2 
gives the required inequality. H, This completes the proof of our proposition.
Proof of Theorem.
4.1.
In this section, we shall give the proof of our theorem. Given an entire function f(z) with Fejer gaps, we express /(z) in the form (12) with a Fejer gap series S = (^)^°^ satisfying (9) . Without loss of generality, it is sufficient to prove 6(0,/)=0. We may assume that OQ = 1 . We write simply n(r) = ^(r,0,/), N(r) = N(r,0,/) (r > 0). We use the notation in (13) 
We recaU the polynomial f^(z) = 2,^z" fc in the section 3. 
r->oo,y^G rte« 6(0,/)=0. We have log I f,(0)\ = ^ log(r/|a|) < n(r) log(r/r) < Cn(r) â er,
Note that ^(M,) = o[m(r)} (r-> oo,r^G). Since wCr'.l/^XwC/'.l/g^+Cond^,) and m(7,f,)>m(7) > m(r) ,
=o{m(r*)} =o{m (7, 
f,)} (r-><»,r^G). (23)
By Lemma 1, (22) and (23), we have lim N(7,0,/,)/w(7,/,)
Since N(7, O,/,,) < N(7) and m(7,/,) > w(7), this gives 6(0,/)=0. 
Next we estimate | L^ I. We have
-(II^/SK^)-.^))}! (7) a?/{^ log(7/r)} < Cm(r) (a,/^) 2 .
(26) We have analogously as in (26) 143|<Cm(r)(a,/^) 2 .
By^ (24), (25), (26) and (27), we have, with a constant C">0, w(7\ l/^)/m(r) < C"a^/o^ . Letting r -^ oo (r ^ G), we have (21). This completes the proof of our theorem.
5. An entire function with Fabry gaps such that 6 (0, •) = 1.
5.1.
In this section, we shall show that the assertion of our theorem is not valid when the Fejer gap condition is replaced by the Fabry gap condition. We construct an entire function g^(z) with Fabry gaps such that 6(0,g^) == 1 .
00
For an entire function g(z) = ^ c^z" and a non-negative 
